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A NEW CHARACTERIZATION OF COHEN-MACAULAY RINGS
KAMAL BAHMANPOUR AND REZA NAGHIPOUR∗
Abstract. The purpose of this article is to provide a new characterization of Cohen-
Macaulay local rings. As a consequence we deduce that a local (Noetherian) ring R is
Gorenstein if and only if every parameter ideal of R is irreducible.
1. Introduction
Let (R,m) denote a commutative Noetherian local ring. It is well-known that R is
Gorenstein if and only if R is Cohen-Macaulay and some ideal generated by a system
of parameters (s.o.p) of R is irreducible. Perhaps less widely known is a nice result of
D.G. Northcott and D. Rees which states that if every ideal generated by a s.o.p of R
(henceforth a parameter ideal) is irreducible, then R is Cohen-Macaulay (see [4, Theorem
1]). Thus, R is Gorenstein if and only if every parameter ideal is irreducible. The purpose
of this note is to establish a new characterization of Cohen-Macaulayness of R. Our main
theorem is the following:
Theorem 1.1. Let (R,m) be a local (Noetherian) ring. Then the following conditions are
equivalent:
(i) R is a Cohen-Macaulay ring.
(ii) For any parameter ideals a and b of R with b ⊆ a, we have
HomR(R/a, R/b) ∼= R/a.
As a consequence we obtain that a local (Noetherian) ring R is Gorenstein if and only
if every parameter ideal of R is irreducible.
One of our tools for proving Theorem 1.1 is the following:
Lemma 1.2. Let (R,m) be a local (Noetherian) ring.
(i) If x ∈ m, then there exists a non-negative integer n such that (xn) ∩ Γm(R) = 0.
(ii) If dim R = d ≥ 1 and Γm(R) 6= 0, then there exists a system of parameters x1, . . . , xd
of R such that m ∈ AssR R/(x1, . . . , xi) for all 1 ≤ i ≤ d.
Throughout this article, R will always be a commutative Noetherian local ring with
maximal ideal m and dimR = d. For any R-module L, the submodule
⋃
n≥1(0 :L m
n) of
L is denoted by Γm(L). Also, the socle of L is defined to be (0 :L m) = {x ∈ L| m x = 0},
and is denoted by SocR L. For any unexplained notation and terminology we refer the
reader to [1] and [2].
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2. Proof of the main theorem
In order our main result, we prepare the following lemma.
Lemma 2.1. (i) If x ∈ m, then there exists an integer n ≥ 1 such that (xn)∩Γm(R) = 0.
(ii) If dimR = d ≥ 1 and m ∈ AssR R, then there exists a system of parameters
a1, . . . , ad of R such that m ∈ AssR R/(a1, . . . , ai) for all 1 ≤ i ≤ d.
Proof. (i) Since Γm(R) is an Artinian R-module, the descending sequence of the submod-
ules of Γm(R),
(x) ∩ Γm(R) ⊇ (x
2) ∩ Γm(R) ⊇ · · ·
is stationary, i.e., there exists a positive integer n such that
(xn+i) ∩ Γm(R) = (x
n) ∩ Γm(R),
for all integers i ≥ 1. Now, we have
(xn) ∩ Γm(R) ⊆
⋂
i≥n
(xi) ∩ Γm(R) ⊆
⋂
i≥1
(xi),
and so by Krull’s Intersection Theorem (xn) ∩ Γm(R) = 0, as required.
(ii) Let I = Γm(R). Since m ∈ AssR R, it follows that I 6= 0. Now let b1, . . . , bd be a
system of parameters of R. Then in view of (i) there exists an integer n1 ≥ 1 such that
(bn11 ) ∩ I = 0. Set a1 := b
n1
1 . Then I + (a1)/(a1) 6= 0 and I + (a1)/(a1) ⊆ Γm(R/(a1)).
It is clear that a1 is a part of a system of parameters of R. Let R1 := R/(a1) and
m1 := m /(a1). Then Γm(R1) = Γm1(R1) 6= 0 and so m1 ∈ AssR1 R1. Moreover,
the elements b2 + (a1), . . . , bd + (a1) is a system of parameters of R1. (Note that
dim R/(a1) = d−1.) Therefore, there is an integer n2 ≥ 1 such that b
n2
2 R1∩Γm1(R1) = 0.
Now, we put a2 := b
n2
2 . Then Γm(R/(a1, a2)) 6= 0 and a1, a2 is a part of a system of
parameters of R. Continue in this way: there exist positive integers n1, . . . , nd such that
a1 = b
n1
1 , . . . , ad = b
nd
d is a system of parameters of R and m ∈ AssR R/(a1, . . . , ai) for all
1 ≤ i ≤ d. 
Corollary 2.2. Suppose that for every system of parameters a1, . . . , ad of R, the element
ad is an R/(a1, . . . , ad−1)-regular. Then m 6∈ AssR R.
Proof. Suppose that m ∈ AssR R and look for a contradiction. To do this, in view
of Lemma 2.1, there exists a system of parameters x1, . . . , xd of R such that m ∈
AssR R/(x1, . . . , xd−1), and so xd is not an R/(x1, . . . , xd−1)-regular element. With this
contradiction the proof is complete. 
Now, we are ready to state and prove the main theorem.
Theorem 2.3. The following conditions are equivalent:
(i) R is a Cohen-Macaulay ring.
(ii) For any parameter ideals a and b of R with b ⊆ a, we have
HomR(R/a, R/b) ∼= R/a.
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Proof. First we show (i)⇒(ii). To this end, let a = (a1, . . . , ad) and b = (b1, . . . , bd) be
two parameter ideals of R with b ⊆ a. Then, as R is a Cohen-Macaulay ring of dimension
d, it follows that {ai}
d
i=1 and {bi}
d
i=1 are two maximal R-sequences in a. Consequently, in
view of Rees’ theorem (see [1, Lemma 1.2.4]), we have
ExtdR(R/a, R)
∼= HomR/a(R/a, R/a) ∼= R/a, and
ExtdR(R/a, R)
∼= HomR/b(R/a, R/b) = HomR(R/a, R/b).
Therefore, HomR(R/a, R/b) ∼= R/a, as required.
In order to prove (ii)⇒(i), we use induction on d. When d = 1, there exists a ∈ R
such that
√
(a) = m. Then, in view of Lemma 2.1 there is a positive integer n such that
(an) ∩ I = 0, where I = Γm(R). Moreover, there exists an integer k such that m
k I = 0,
and so akI = 0. Let r1 = max{n, k} and b = a
r1 . Then
√
(b) = m, Γ(b)(R) = I, bI = 0
and (b) ∩ I = 0. On the other hand, in view of [3, Proposition 4.7.13], there exists an
integer r2 ≥ 1 such that for all integers t ≥ r2,
(bt) :R b = b
t−r2((br2) :R b) + (0 :R b).
As (0 :R b) = I, it follows that
(bt) :R b = b
t−r2((br2) :R b) + I.
Now, let s ≥ r2 + 1 be an integer. Then in view of assumption (ii) we have
R/(b) ∼= HomR(R/(b), R/(b
s)) ∼=
(bs) :R b
(bs)
=
bs−r2((br2) :R b) + I
(bs)
.
Next, we show that
bs−r2((br2) :R b) ∩ (I + (b
s)) = (bs).
To do this, suppose c ∈ I and δbs−r2 ∈ bs−r2((br2) :R b) such that δb
s−r2 = c+ ubs, where
δ ∈ (br2) :R b and u ∈ R. Then
c = δbs−r2 − ubs ∈ (b) ∩ I,
and so c = 0. Thus δbs−r2 = ubs ∈ (bs). Consequently,
R
(b)
∼=
bs−r2((br2) :R b)
(bs)
⊕
I + (bs)
(bs)
.
Since R/(b) is a local ring, it follows that
bs−r2((br2) :R b) = (b
s) or I + (bs) = (bs).
If bs−r2((br2) :R b) = (b
s), then as bs−1 ∈ bs−r2((br2) :R b), it follows that (b
s−1) = (bs).
Hence in view of NAK’s Lemma, bs−1 = 0, and so m =
√
(0), which is a contradiction.
Therefore, I ⊆ (bs), and so I = I ∩ (bs) ⊆ I ∩ (b) = 0. Thus I = 0, and so m 6∈ AssR R.
Since dimR = 1, it follows that R is a Cohen-Macaulay ring.
Assume, inductively, that d ≥ 2 and that the result has been proved for d − 1. Let
x1, . . . , xd be an arbitrary system of parameters for R. For each integer n ≥ 1, set
a := (x1, . . . , xd) and b := (x1, . . . , xd−1, x
n
d).
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Then
HomR(R/a, R/b) ∼= R/a.
Let S = R/(x1, . . . , xd−1). Then
HomS(S/xdS, S/x
n
dS)
∼= HomR(R/a, R/b) ∼= R/a ∼= S/xdS.
Now, if y := y + (x1, . . . , xd−1) is a system of parameters of S, then x1, . . . , xd−1, y is a
system of parameters of R, (note that dimS = 1). Hence
HomS(S/(y), S/(y)
n) ∼= S/(y),
and so applying the method used above it follows that S is a Cohen-Macaulay ring.
Thus xd is an R/(x1, . . . , xd−1)-regular element, and hence by Corollary 2.2, m 6∈ AssR R.
Accordingly, there exists η1 ∈ m such that η1 6∈ ZR(R). Therefore, η1 is a part of a system
of parameters of R. Now, let T = R/(η1) and
c = (η¯2, . . . , η¯d), and d = (ξ¯2, . . . , ξ¯d)
be two parameter ideals of T such that d ⊆ c, where η¯i = ηi + (η1) and ξ¯i = ξi + (η1) for
every i = 2, . . . , d. Then
a
′ = (η1, . . . , ηd) and b
′ = (η1, ξ2, . . . , ξd)
are two parameter ideals of R. Moreover, we have
b
′ ⊆ a′ and HomR(R/a
′, R/b′) ∼= R/a′.
Therefore
HomT (T/c, T/d) ∼= HomR(R/a
′, R/b′) ∼= R/a′ ∼= T/c.
As, dim T = d− 1, it follows from the inductive hypothesis that T is a Cohen-Macaulay
ring. Hence R is a Cohen-Macaulay ring, as required. 
Corollary 2.4. The following conditions are equivalent:
(i) R is a Cohen-Macaulay ring.
(ii) For any parameter ideals a and b of R with b ⊆ a the R-module HomR(R/a, R/b)
is cyclic.
Proof. The result follows from the proof of Theorem 2.3. 
Corollary 2.5. The following conditions are equivalent:
(i) R is a Gorenstein ring.
(ii) For any parameter ideals a and b of R with b ⊆ a, HomR(R/a, R/b) ∼= R/a and
there exists an irreducible parameter ideal.
(iii) For any parameter ideals a and b of R with b ⊆ a the R-module HomR(R/a, R/b)
is cyclic and there exists an irreducible parameter ideal.
Proof. The result follows from the proof of Theorem 2.3 and [2, Theorem 18.1]. 
The final result shows that a local (Noetherian) ring R is Gorenstein if and only if every
parameter ideal of R is irreducible.
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Corollary 2.6. R is Gorenstein if and only if every parameter ideal of R is irreducible.
Proof. In view of Corollary 2.5, it is enough to show that for any parameter ideals a and
b of R with b ⊆ a we have Hom(R/a, R/b) ∼= R/a. To do this end, since a and b are
irreducible it follows that
dimR/m SocR R/a = 1 = dimR/m SocR R/b.
In particular, R/a and R/b are two Gorenstein local rings of dimension zero. Hence
ER/a(R/m) ∼= R/a and ER/b(R/m) ∼= R/b. Therefore,
HomR(R/a, R/b) ∼= HomR/b(R/a, R/b)
∼= HomR/b(R/a, ER/b(R/m))
∼= ER/a(R/m)
∼= R/a.
This completes the proof.
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